We prove that the extended Poincaré group in (1+1) dimensionsP is solvable exponential so that it belongs to type I. Its first and second cohomology groups are calculated in order to work out a classification of the relativistic elementary systems and all the irreducible unitary representations ofP are constructed by the orbit method. We show that the relativistic particle is anomalous but its quantization can be performed.
Introduction
Due to the fact that in (1+1) dimensions the Einstein tensor is identically zero and the Einstein-Hilbert action is a total derivative, a scalar field called dilaton is usually introduced to describe gravitational models. One of these is the CallanGiddings-Harvey-Strominger (CGHS) model of dilatonic gravity [10] , obtained by dimensional reduction from a classical black hole solution of an effective theory of superstrings at low energy [22] . The "string-inspired" CGHS theory is particularly interesting because it allows for black hole formation and evaporation, besides the fact that it may be formulated as a gauge theory of the extended Poincaré group P, by means of a non-abelian BF topological field theory in which the dilaton corresponds to one component of the Lagrange multiplier multiplet B [11] .
Another advantage of the CGHS theory is that it generates an exactly solvable model of quantum gravity, when quantum effects of back-reaction are implemented. Such a model was proposed by Russo-Susskind-Thorlacius (RST) [40] [41] and, when adequately corrected [45] , it permits the investigation of the information puzzle (originally proposed by S.Hawking [20] [21] ). It was concluded that information would not be lost but released by the black hole through its Hawking radiation, a result that can be regarded as a success of the two-dimensional dilatonic gravity program.
The problem of coupling matter sources to the BF theory in an extended Poincaré gauge-invariant fashion, without loosing the gauge-theoretic interpretation of the gravitational sector, is not trivial and requires the introduction of a Higgs-type field called Poincaré coordinate [18] . Indeed, a thorough analysis of gauge-invariant matter-gravity couplings in the context of dilatonic gravity in (1+1) dimensions, including matter fields and pointlike sources as well, has been presented in [13] . In particular, it was shown that a point-particle interacts with the gravitational field in a specific manner that modifies the usual geodesic equation of motion, without spoiling general covariance. The new interaction turned out to be associated with the central extension of the Poincaré group and found a natural description in terms of the BF theory.
Recently, it was realized the resemblance between the aforementioned modified geodesic equation and the Wong equations [48] , which represent a non-abelian generalization of the Lorentz force law. It turns out that the Wong equations can be derived from the so-called Balachandran interaction term [5] . This fact stimulated some authors [30] [28] to employ this action (originally introduced in the context of QCD) to couple a point-particle to the BF theory in an extended Poincaré gaugeinvariant fashion. However, the interpretation of the Balachandran term in the context of spacetime covariant field theories is not established yet and, in particular, the role played by the Poincaré coordinate in this application is poorly understood.
It is well-known that the extended Poincaré groupP is solvable, an unusual feature for many physicists who are more acquainted with semisimple groups. However, we recall that there are remarkable occurrencies of solvable Lie groups in physics such as the Weyl-Heisenberg group WH (the group of the canonical commutation relations), the two-dimensional affine group Aff + (1, ℜ) (closely related to the standard wavelet transform), the Euclidean group in two dimensions E (2) or the ubiquitous oscillator group Os (1) . From the mathematical point of view, the importance of the solvable algebras arises from the Levi-Mal'čev theorem [4] , which plays a role in the general classification of Lie algebras.
Kirillov's method of orbits is interesting in its own right and it may be considered as a part of the more general idea of unification of mathematics and physics [25] . It provides answers for the main questions of representation theory, which make sense for general Lie groups and other unusual groups. The orbit method introduces two new fundamental notions; coadjoint orbits and momentum mappings. Many puzzling problems in representation theory find a natural interpretation in the orbit picture, which can provide the starting point for subsequent rigorous demonstrations.
The standard definition of momentum mapping of a symmetry group (which is the one we apply in this paper) was first given by J.M. Souriau [43] and most of its applications are related to symplectic reduction, i.e. the substitution of an equivalent system with less degrees of freedom for a given mechanical system. Recently [16] , this notion has been generalized to that of a covariant (or "multi-") momentum mapping, which can be applied in the context of classical field theories with constraints (either relativistic or not). This covariant momentum mapping allows an analysis of spacetime covariant field theories based on the gauge group, what is often simpler to perform than the canonical Dirac-Bergmann procedure and has the advantage of attaching a group-theoretic interpretation to the constraints.
The connection between the method of orbits and mechanics was first pointed out by B. Kostant and stimulated the development of geometric quantization as a byproduct. However, the classification of homogeneous symplectic manifolds, which can be considered as phase spaces of classical mechanical systems, was obtained independently by Kostant, Souriau and Kirillov (KSK) [26] [43] [23] . It turns out that, up to some algebraic and topological corrections, the image of any homogeneous symplectic manifold under the momentum mapping is a coadjoint orbit. Moreover, the coadjoint orbits are sources of integrable classical systems wherein a family of Poisson commuting functions is provided by the so-called Adler-Kostant scheme [27] [39] .
Since Groenewold's [19] and Van Hove's [47] discovery of an obstruction to quantization on the phase space ℜ 2n in the 40's, it is well-known that there is no universal correspondence between classical and quantum systems. Similar obstructions have been found for S 2 (the classical counterpart of a quantum spinning particle) and the symplectic cylinder T * S 1 (which plays a role in geometric optics), what misled many physicists to the belief that such no-go theorems should hold in general. Rather surprisingly this is not the case and it has recently been proved that there are no obstructions to quantizing either the torus T 2 or certain non-compact phase spaces such as T * ℜ + [17] . Indeed, it remains a mystery of mathematical physics to explain why quantization techniques such as "canonical quantization", "path-integral quantization", "deformation quantization", etc. work so well for many particular systems . Consequently, the quantization principle is based on the assumption that in "sufficiently good" cases it is possible to establish a correspondence between classical and quantum systems, what is translated into mathematical language in terms of a correspondence between homogeneous symplectic manifolds and the unitary irreducible representations of a symmetry group. The picture is that the quantum systems and their classical counterparts are different realizations of the same abstract scheme, so that the quantization principle provides a physical argument for explaining why the method of orbits works [25] . This paper is organized as follows. In Section 2 we gather the main features of the extended Poincaré groupP. In Section 3 we introduce the fundamental notions of coadjoint orbits and momentum mapping and state the Kirillov theorem, in order to classify the relativistic elementary systems. We present a brief review of Kirillov's method of orbits in Section 4 in order to be able to work out explicitly all the irreducible unitary representations ofP in Section 5. In Section 6 we point out that the action of the relativistic particle in (1+1) dimensions is anomalous and show that the reduced phase space associated to the anomaly free theory is symplectomorphic to a determined coadjoint orbit. Then we canonically quantize the relativistic particle by making the hat operation rigorous with the assistance of the orbit method. Finally, in Section 7 we draw our conclusions and discuss further possible developments.
The Extended Poincaré Group
The extended Poincaré algebraī 1 2 is defined by means of an unconventional contraction of a pseudoextension of the anti-de Sitter algebra so(2,1) [4] as
where a, b ∈ {0, 1}, ε 01 = −ε 01 = 1 and the indices a and b are raised and lowered by the metric h ab = diag(1, −1). The generators of translations are P a , the generator of Lorentz transformations is J and I is the central generator. In units where
We will denote the generators ofī 1 2 collectively by {T A }, with A ∈ {0, 1, 2, 3}, such thatT a = P a ,T 2 = J and
where Λ(α) a b = δ a b Coshα + ε a b Sinhα, and corresponds to the coset decomposition g(θ a , α, β) = exp(θ a P a )exp(αJ)exp(βI).
The adjoint representation of the extended Poincaré algebraī 1 2 can be calculated directly from (1),
and a straightforward calculation shows that the adjoint representation of the extended Poincaré groupP is given by
Applying the formula of Beltrametti and Blasi [6] to the Lie algebraī 1 2 (1) we discover that there are two independent invariant Casimir operators. It can be checked that the most general Casimir operator is P a P a − 2BJI − cI 2 , where c is a real constant. Choosing 1 c = 0, this operator defines a metric onī 1 2 given by
The extended Poincaré algebra has the structure of a semi-direct productī 1 2 = so(1, 1) × ρ wh, where so(1, 1) = ℜ is the abelian subalgebra generated by J, wh is the nilpotent ideal spanned by {P 0 , P 1 , I} which is isomorphic to the Lie algebra of the Weyl-Heisenberg group WH and the representation ρ of so(1, 1) in wh is given by the restriction of the adjoint representation ofī 1 2 to so(1, 1). It is well-known thatī 1 2 is solvable [13] , however it is also not nilpotent, as we will now show. The statement thatī 1 2 is not nilpotent follows from the fact that its descending central series,
] = wh ∀k ≥ 2, does not vanish for any value of k.
Let G be a real connected Lie group and g its Lie algebra. We say that G and g are exponential if the exponential mapping exp : g → G is onto [7] . Now, for a real, solvable, connected and simply connected group G, it is a well-known theorem [8] that the exponential mapping is a global diffeomorphism if and only 1 It can be shown that the freedom in the parameter c corresponds to a global symmetry found in the dilaton model, where its anomaly is important to the existence of Hawking radiation [12] .
if, for any X ∈ g, ad(X) does not have non-null pure imaginary eigenvalues. The fact that the extended Poincaré groupP and its Lie algebraī 1 2 are solvable exponential follows from the aforementioned theorem, as we will now prove. If X = X a P a + X 2 J + X 3 I, it suffices to note that for all X ∈ī 1 2 we have from (3)
such that the eigenvalues of ad(X), {0, 0, −X 2 , X 2 }, are all real. As a consequence, the extended Poincaré groupP is defined as the connected and simply connected image ofī 1 2 by the exponential mappingP = exp(ī 1 2 ) and every element g ∈P belongs to an one-parameter subgroup, such that the group law (2) holds globally. Another consequence is that the extended Poincaré group is homologically trivial hence, by the Van Est theorem [4] , its cohomology groups onP are canonically isomorphic to the corresponding cohomology groups onī 1 2 . The first cohomology group of the extended Poincaré algebra can be readily calculated by the formula
where the asterisk denotes the dual vector space, yielding H 1 0 (ī 1 2 , ℜ) = ℜ. As far as the second cohomology group of the extended Poincaré algebra is concerned, we note that sinceī 1 2 is not nilpotent we can not take H 2 0 (ī 1 2 , ℜ) = 0 for granted and the fact thatī 1 2 has a central extension structure does not ensure that H 2 0 (ī 1 2 , ℜ) = 0 neither. Indeed, a counter example is provided by the Weyl-Heisenberg group which is the central extension of the two-dimensional real abelian Lie algebra by ℜ and still can be further extended, since H 2 0 (wh, ℜ) = ℜ 2 , admitting two central charges. The 2-cocycle condition for trivial action
,T B ) = 0 applied to the Lie algebra (1) yields ω 2 (I, J) = 0, ω 2 (P 1 , I) = 0 and ω 2 (P 0 , I) = 0, such that the space of 2-cocycles
2 is composed by 2-forms whose components can be expressed by the matrices
where x, y, z ∈ ℜ, hence dimZ 2 0 (ī 1 2 , ℜ) = 3. The 2-coboundaries for trivial action
may be expressed by the matrices
for some 1-cochain ω 1 , such that the dimension of the space of 2-coboundaries is
The Classification of the Relativistic Elementary Systems in (1+1) Dimensions
Let (S, Ω) be a symplectic manifold and G the dynamical group with Lie algebra [T A , T B ] = f C AB T C acting upon S through the left action l g . Then the mapping σ : g → A 0 (S) induced by l g , where A 0 (S) denotes the set of all locally hamiltonian vector fields on S, is an anti-homomorphism of Lie algebras
Denoting by A(S) ⊂ A 0 (S) the set of all globally hamiltonian vector fields, we say that the problem of associating an observable u A ∈ C ∞ (S) to each one-parameter subgroup of G reduces to the problem of constructing the lifting [42] of the mapping σ to λ : g → C ∞ (S). The mapping λ(T A ) = u A is well defined if and only if σ(g) ⊂ A(S) and the lift λ is an
The action of g upon S is called globally hamiltonian whenever the former condition above holds, what means that there are hamiltonians u A globally defined on S corresponding to each field T S A ∈ A(S) by i T S A Ω + du A = 0, which always exist either if S is simply connected or if H 1 0 (g, ℜ) = 0. On the other hand, the lift λ will be locally an homomorphism provided that H 2 0 (g, ℜ) = 0. If the hamiltonians λ(T A ) = u A are well defined locally (for example if H 2 0 (g, ℜ) = 0) and globally (for example, if S is simply connected), then they are denoted by comoments. If further H 1 0 (g, ℜ) = 0 then there is a unique lift λ, however we say that g has a Poisson action upon S whenever the comoments exist, even if they are not uniquely determined.
The laws of physics in (3+1) dimensions must be covariant under the transformations of the Poincaré group ISO(3,1) due to the principle of relativity. However, as we will show in Section 6, in (1+1) dimensions the action describing a noninteracting particle in flat space-time is anomalous and the anomaly free theory must be invariant under the extended Poincaré groupP. It follows that the relevant dynamical group in two dimensions isP, so that the adequate statement of the principle of relativity in this case requires that the equations of motion be covariant under the transformations ofP. This means the elementary particles belong to irreducible representations ofP at the quantum level and constitute relativistic elementary systems in this sense. On the other hand, the group-theoretic approach of the KSK construction is concerned about a corresponding notion of elementary system at the classical level that is, a system that can not be decomposed into smaller parts without breaking the symmetry [25] .
Assuming that such a system is anomaly free, then there is no obstruction to the lifting of its symmetry group from the classical to the quantum level, so that its quantization will make quite explicit the relationship between the roles played by the symmetries at both levels [49] . It turns out that the irreducibility condition is translated naturally as a transitivity one at the classical level so that a classical elementary system is defined as a homogeneous symplectic manifold. We say that an elementary system (S, Ω) is a hamiltonian G-space if further the dynamical group G possesses a Poisson action upon S.
In fact, the coadjoint orbits are the simplest examples of classical elementary systems. To see that, we define the coadjoint representation of g ∈ G in the dual algebra g * through the contragradient Ad * g of the adjoint representation, Ad * gζ, X := ζ, Adg −1 X ∀X ∈ g and ζ ∈ g * , and the coadjoint representa-
The coadjoint orbit through ζ ∈ g * is the set of points defined by Orb(ζ) = {Ad * gζ, ∀g ∈ G} ⊂ g * , which may also be represented by the homogeneous space of left cosets Orb(ζ) = G/G ζ · ζ, where G ζ is the stability group of ζ ∈ g * defined as G ζ = {g ∈ G|Ad * gζ = ζ}. Then, identifying T ζ g * with g * , it is not difficult to see that the vector fields
On the other hand, G ζ is generated by the subalgebra g ζ = {Y ∈ g|V Y (ζ) = 0} which is also the kernel of the Kirillov 2-form, defined as
is a hamiltonian Gspace, with a well defined symplectic form given by b and such that the mapping X → V X is a Poisson action of g with comoment k : g → C ∞ (Orb(ζ)), where k X (η) = η, X and η ∈ Orb(ζ).
The momentum mapping (or Souriau momentum) µ of the dynamical group G is defined as the g * -valued function µ : S → g * satisfying i X S Ω = −d µ, X for all X ∈ g and it is determined to be µ, T A = u A up to a constant mapping µ 0 : S → g * , on a connected manifold S with H 0 DR (S) = ℜ, being expressed in components by µ = u A ω A . If the left action l g of the dynamical group upon a symplectic manifold (S, Ω) is Poisson, then it can be shown [23] that µ • l g = Ad * gµ for all g ∈ G. It follows that the momentum mapping is a local diffeomorphism µ : S → Orb(ζ), mapping each hamiltonian G-space (S, Ω) onto one of the coadjoint orbits of G in g * .
Consequently, every hamiltonian G-space (S, Ω) covers a certain coadjoint orbit [1] . However, in order to ensure the existence of a bijection between the set of all such strictly homogeneous symplectic manifolds and the set of all the coadjoint orbits of G in g * , denoted by O(G) := g * /G, it is necessary to assume that the dynamical group satisfies some additional properties. Namely, if every element in O(G) is simply connected then they will admit no nontrivial connected coverings, such that the momentum mapping µ will be a global diffeomorphism between each (S, Ω) and a coadjoint orbit. Moreover, all the classical elementary systems upon which the action of g is globally hamiltonian will automatically be hamiltonian G-spaces provided that H 2 0 (g, ℜ) = 0. Under these conditions Kirillov was able to classify all the classical elementary systems upon which the action of the associated dynamical group is globally hamiltonian by means of the following 2 In particular, note that under the conditions stated above the Kirillov theorem requires that all the classical elementary systems upon which the action of g is globally hamiltonian must be simply connected. We remark that in general the fact that a group is simply connected is not enough to ensure that all its coadjoint orbits in g * are simply connected. Nevertheless, all the coadjoint orbits of the connected and simply connected compact Lie groups and of the connected solvable exponential ones are indeed simply connected. It is worth mentioning that if further the condition H 1 0 (g, ℜ) = 0 holds, then every classical elementary system will be a hamiltonian G-space.
Since the extended Poincaré groupP is a connected solvable exponential Lie group such that
2), the Kirillov theorem ensures that every classical relativistic elementary system upon which the action ofī 1 2 is globally hamiltonian is simply connected and symplectomorphic to one of the coadjoint orbits ofP that are calculated below. We emphasize that this classification does not include all the classical relativistic elementary systems though, since
Using (4), we can see that the coadjoint orbit through ζ = ζ Aω A inī 1 * 2 is formed by the points µ = u Aω A such that
where ζ A , µ A ∈ ℜ and {ω A } is the basis ofī 1 * 2 dual to {T A } (1). As a consequence, the following identities hold; u A u A = ζ A ζ A and u 3 = ζ 3 . The stability group of ζ ∈ī 1 * 2 is generated by the subalgebraī 1 2ζ ⊂ī 1 2 which is the kernel of the Kirillov
The dimension of the stability groupP ζ is 4 − rankC, where C is the matrix of the coefficients of the homogeneous linear system (10). Since Orb(ζ) =P/P ζ · ζ, the dimension of the coadjoint orbit Orb(ζ) is rankC. From the matrix C above we can distinguish three cases:
In the first case, ζ 3 = 0 ⇒ rankC = 2 and we can see that the coadjoint orbit is the two-dimensional surface diffeomorphic to ℜ 2 in the three-dimensional hyperplane u 3 = ζ 3 , defined by the equations
and passing through the point ζ = (0, 0, −
, ζ 3 ). In this case the coadjoint orbits are classified by ζ 3 and ζ A ζ A .
In the second case, ζ 3 = 0 and ζ a = 0 ⇒ rankC = 0 and the coadjoint orbit is the point (0, 0, ζ 2 , 0), in the three-dimensional hyperplane u 3 = 0. In this case the coadjoint orbits are classified by ζ 2 .
In the third case, ζ 3 = 0 and (ζ 0 = 0 ou ζ 1 = 0) ⇒ rankC = 2 then the coadjoint orbit is the two-dimensional surface diffeomorphic to ℜ 2 , immersed in the three-dimensional hyperplane u 3 = 0 and defined by the equation
which can be an hyperboloid or a half plane translationally invariant in the direction of the u 2 -axis. In this case there are eight distinct families of coadjoint orbits classified by ζ a ; two families with ζ a ζ a < 0, two with ζ a ζ a > 0 and the other four with ζ a ζ a = 0 (the u 2 -axis does not belong to any family).
The Method of Orbits
We will denote by G the unitary dual of the group G, i.e. the set of all the unitary equivalence classes of unitary continuous irreducible representations of G. The method of orbits is made possible by a geometric approach to representation theory and it is a systematic procedure to parametrize G in terms of the space O(G) of coadjoint orbits, which has been explicitly formulated in some generality for particular classes of groups. The method was originally formulated by Kirillov [24] around 1960 for finding all the unitary continuous irreducible representations of any nilpotent Lie group, even though the first results were found by Dixmier [14] . Since then the method of orbits has played a major role in representation theory [15] . The method of orbits was extended 3 to the solvable exponential case by the French school [8] , specially Takénouchi [46] , Bernat [7] and Pukanszky [37] , and to the connected and simply connected solvable Lie groups belonging to type I (i.e. all of its unitary representations generate type I Von Neumann algebras) by the Kostant-Auslander theorem [3] . It is worth mentioning that all the compact groups, the connected semisimple groups and the exponential Lie groups belong to type I. Note also that the coadjoint orbits of the simply connected solvable type I groups are not in general simply connected [25] , so that the Kostant-Auslander theorem ensures actually a canonical bijection between the unitary dual and the space O rigg (G) of rigged orbits.
The method of orbits also gives all the irreducible representations of a connected and simply connected compact Lie group G by the Borel-Weil-Bott theorem [9] . In this case G is discrete and the canonical bijection established by the method of orbits between the unitary dual and the space O(G) picks out a countable set of coadjoint orbits that satisfy the integrality condition (i.e. the integral of the Kirillov 2-form over an arbitrary two-dimensional cycle in the orbit is equal to an integer).
According to the basic idea of the method of orbits, the foliation of g * by coadjoint orbits corresponds to the decomposition of the regular representation into irreducible components. It turns out that for wild groups (i.e. non-type I) this decomposition does not hold in the ordinary sense, hence the method of orbits in its neat form is not expected to yield all their representations. It follows that the orbit method's recipes can not be extended, without further modifications, to the whole class of solvable groups, which includes some wild ones.
In spite of that, the method of orbits has been applied to the study of representations of wild Lie groups and other unusual groups such as p-adic and adelic groups, finite groups, infinite dimensional groups and even quantum groups (which are not groups) [25] . It also gives most representations of non-compact semisimple groups. The problem of establishing the fundamental properties of the correspondence between coadjoint orbits and representations can be investigated only for those groups for which this correspondence is known. For example, the relation between the topologies in the sets O(G) and G has been partially solved and it was established only recently [29] that for exponential groups the two sets are homeomorphic.
The general theory of induced representations was developed by Mackey [32] [33] and plays an essential role in the method of orbits. A fundamental result of this theory is the criterion for inducibility formulated in [31] . Before we review briefly the standard procedure to form a unitary induced representation though, let us recall some basic facts concerning invariant integration on group manifolds and homogeneous spaces:
Let G be a locally compact topological group with a countable basis (i.e. second-countable), then it is well-known [23] that a (positive) nonzero left-invariant σ-finite regular Borel measure is defined on the Borel σ-algebra generated by the open subsets in G. It is called left Haar measure µ and it is unique up to a numerical factor. There is a parallel definition of the right Haar measure, denoted by ν. The second-countability condition is equivalent to separability by denseness in metric spaces and, in particular, every Lie group is a locally compact second-countable metric topological space.
Let H be a closed subgroup of G and U a one-dimensional unitary representation of H in the complex numbers C. We introduce the space L(G, H, U ) of complex-valued measurable functions F on G that satisfy the condition
is a continuous homomorphism of the group G into the multiplicative group of positive real numbers, called modulus of the group G.
The group G can be identified with H × X, where X is the right G-space X = H\G, since every element of g ∈ G can be written uniquely in the form g = hs(x) with x ∈ X. Under this identification, the right Haar measure on G splits into the product of a quasi-invariant measure ν s on X, depending upon the choice of a Borel mapping s of X into G having the property that s(Hg) ∈ Hg, by the right Haar measure on
The space L(G, H, U ) is clearly invariant under right translations on G and it can be shown [23] that there is a positive smooth function ρ on G satisfying H ρ(hg)dν(h) ≡ 1 such that L(G, H, U ) admits a G-invariant scalar product of the form (F 1 , F 2 
where ν is the right Haar measure. Let L 2 (G, H, U ) denote the Hilbert space generated by the squareintegrable functions F in L(G, H, U ) such that N 2 (F ) 2 < ∞, in the sense of the seminorm N 2 (F ) 2 = G |F (g)| 2 ρ(g)dν(g). We call the unitary representation T acting by right translations upon the Hilbert space L 2 (G, H, U ) according to [T (g)F ](g ′ ) = F (g ′ g) the representation induced in the sense of Mackey by the representation U and we will denote it by Ind(G, H, U ).
Then it is not difficult to see that ν s , C) , generated by the square-integrable complex functions having compact support on X with respect to the measure ν s , which associates a function f ∈ L 2 (X, ν s , C) defined by f (x) = F (s(x)) to every F ∈ L 2 (G, H, U ). Under this isomorphism, the induced representations in the sense of Mackey can be realized in the Hilbert space
, where the element h ∈ H is defined from the relation s(x)g = hs(xg).
The induced representations in the sense of Mackey constitute a generalization of the right-regular representation of the group in the space L 2 (G, dν(g)) of square-integrable complex functions on G, which can be written as Ind(G, {e}, U 0 ), where U 0 is the trivial one-dimensional representation of the subgroup H. Representations Ind(G, H, U ) which are induced from one-dimensional representations U of H are called monomial, also a denomination of the groups for which all irreducible representations are of this kind. Monomial representations are sub-representations of the right-regular representation and it is worth mentioning that every connected monomial Lie group is solvable [23] and that every exponential group is monomial. With the aid of complexification the operation of induction can be generalized to holomorphic induction or representation in cohomologies. Now we can sketch the original formulation of the method of orbits. Let G be a real nilpotent simply connected Lie group, g the associated Lie algebra and g * its dual. We say that a subalgebra h ⊂ g is subordinate to ζ ∈ g * if its first derived algebra is orthogonal to ζ, or ζ, [h, h] = 0. Denoting by H ⊂ G the subgroup corresponding to the subalgebra h subordinate to ζ ∈ g * , we define the unitary one-dimensional representation of H by U (expX) = exp(i ζ, X ), which is related to the character χ of H simply by χ(expX) = U (expX), where X ∈ h. Then Kirillov proved that an unitary induced representation Ind(G, H, U ) of G is irreducible if and only if the dimension of the subalgebra h ⊂ g is maximal in the family of all subalgebras subordinate to ζ or, equivalently, dimh
Suppose now that G is an exponential group and g is its real exponential Lie algebra. Similarly to the nilpotent case, the maximality condition on the subalgebra h subordinate to ζ ∈ g * is equivalent to dimh = dimg − 1 2 dimOrb(ζ). However, this condition is no longer sufficient to guarantee that Ind(G, H, U ) is irreducible. For an exponential Lie group, Ind(G, H, U ) is irreducible if and only if the subalgebra h subordinate to ζ ∈ g * is admissible, i.e. one for which the maximality condition holds together with Pukanszky's condition [37] which requires that the linear variety ζ + H ⊥ is contained in Orb(ζ), where H ⊥ denotes the orthogonal complement of H in g * . Bernat [7] showed that the first condition implies the second one if g is quasi-nilpotent (i.e. all the real eigenvalues of ad(X) are zero for all X ∈ g), otherwise the two conditions are independent. In particular, every nilpotent group is quasi-nilpotent.
It can be shown [38] 
O(G) of coadjoint orbits and the unitary dual G of any solvable exponential Lie group. It is worth mentioning that every coadjoint orbit of the connected and simply connected solvable type I Lie groups (and, in particular, of the exponential groups) is integral (i.e. satisfies the integrality condition).
Construction of the Irreducible Representations of the Extended Poincaré Group by its Coadjoint Orbits
From (6) we can see that the adjoint representation of any X ∈ī 1 2 is traceless, hence the extended Poincaré group is unimodular (i.e. ∆P = 1). Also, using (6) again we can show that the extended Poincaré groupP is not quasi-nilpotent. Consequently, in order to apply the method of orbits to the extended Poincaré group, we must find, for any ζ ∈ī 1 * 2 , a subalgebra h ⊂ī 1 2 of a maximal dimension, in the family of the subalgebras subordinate to ζ, further satisfying Pukanszky's condition.
We split the problem of constructing all the irreducible unitary representations ofP from its coadjoint orbits into the same three cases that we met when we classified the elementary relativistic systems in (1+1) dimensions (see Sect. 3). In the first case, ζ 3 = 0 and the coadjoint orbit inī 1 * 2 is the two-dimensional surface given by (11) , passing through the point ζ = (0, 0, −
, ζ 3 ) and classified by ζ A ζ A and ζ 3 . Since we may choose any point on the coadjoint orbit (see Sect. 4), we pick ζ. Denoting by (J, P + , I) the subalgebra ofī 1 2 spanned by these vectors, where P + = P 0 + P 1 , it is clear that h = (J, P + , I) is subordinate to ζ, since its first derived algebra is [h, h] = (P + ), which is orthogonal to ζ or ζ, (P + ) = 0.
The subalgebra h subordinate to ζ is also admissible since its codimension is one, which is half the dimension of the coadjoint orbit, and it satisfies Pukanszky's condition ζ + h ⊥ ⊂ Orb(ζ). To check the latter it suffices to note that h ⊥ is formed by the one-forms η = η −ω − , where η − ∈ ℜ andω − = (ω 0 −ω 1 )/2, and to use equation (9) . And since any other admissible subalgebra leads to an unitary equivalent representation (see Sect. 4), we choose h. The typical element of the subgroup H generated by h will be denoted by h(θ + , α, β) = exp(θ + P + )exp(αJ)exp(βI), such that we can define (see Sect. 4) the one-dimensional representation of H by
. A straightforward calculation shows that the adjoint representation of the subgroup H is given by
Consequently, the modulus of
The space L(P, H, U ) invariant under right-translations onP is formed by the complex functions satisfying the condition (see Sect. 4)
This means the space L(P, H, U ) is determined by the value of F at θ 0 = α = β = 0. Using the group law (2), it is not difficult to see that every element ofP can be uniquely written as g = h · k, where h ∈ H, k ∈ K and K is the oneparameter subgroup ofP generated by
Choosing the Borel mapping such that s(x) := k, where x ∈ X = H\P and x = Hg = Hhk = Hk, we can identify the right-coset space X with the subgroup K ⊂P, in the sense that s(X) = K. The bi-invariant measure onP splits into dµ(g) = ∆ H,P (h)dν s (x)dν(h), where the measure on X is determined by the right Haar measure on K = ℜ, dν s (x) = dν(s(x)), which is onlyP-quasiinvariant because ∆P (h) = ∆ H (h) and is recognized to be just the Lebesgue measure dµ on ℜ. Then we can construct the Hilbert space L 2 (X, ν s , C) = L 2 (ℜ, dµ), formed by the functions defined by f (x) = F (s(x)) for every F ∈ L 2 (P, H, U ) (see Sect. 4), which admits aP-invariant scalar product whose coordinate representation is given by (f 1 , f 2 ) = ℜ f 1 (θ 1 )f 2 (θ 1 )dθ 1 . Now, using (2) and (15) we can solve the equation s(x)g = hs(xg) for h = h(θ + , α ′ , β ′ ) getting
and
where k = k(θ 1 ) and g = g(θ ′′a , α ′′ , β ′′ ). Consequently (see Sect. 4), we can realize the induced representation Ind(P, H, U ) in the separable Hilbert space L 2 (ℜ, dµ) of the square-integrable complex functions having compact support on ℜ (i.e. functions for which
The corresponding representation of any X ∈ī 1 2 can be readily calculated by
, yielding
It follows that the operator identity ρ(J) = ρ(P a )ρ(P a ) + ζ A ζ A /2Bρ(I) holds and, since the product of a hermitian operator by another anti-hermitian commuting with the former is anti-hermitian, we see that (18) constitute an anti-hermitian representation of the extended Poincaré algebraī 1 2 in the Hilbert space L 2 (ℜ, dµ), such that we can write the unitary irreducible representations ofP defined by (17) simply as T ζ A ζ A ,ζ 3 (g(θ a , α, β)) = exp (θ a ρ(P a )) exp (αρ(J)) exp (βρ(I)).
In the second case, ζ 3 = ζ a = 0 and the coadjoint orbit inī 1 * 2 is the point ζ = (0, 0, ζ 2 , 0), which is classified by ζ 2 . It is clear that the subalgebra h =ī 1 2 is subordinate to ζ, since its first derived algebra is [h, h] = wh, which is orthogonal to ζ or ζ, wh = 0. The subalgebra h subordinate to ζ is also admissible, since codimh = 0, which is half the dimension of the coadjoint orbit, and it satisfies Pukanszky's condition ζ + h ⊥ ⊂ Orb(ζ). Indeed, the latter holds because h ⊥ = {0} and Orb(ζ) = ζ and there is no other admissible subalgebra subordinate to ζ. Denoting by h(θ a , α, β) = exp(θ a P a )exp(αJ)exp(βI) the typical element of the subgroup H generated by h we can (see Sect. 4) define the one-dimensional representation of H by χ(θ a , α, β) = U (h(θ a , α, β)) = exp(iαζ 2 ). Since H = P is unimodular, the space L(P, H, U ) invariant under right-translations onP is formed by the complex functions satisfying the condition (see Sect. 4)
This means the space L(P, H, U ) = C is determined by the value of F at θ a = α = β = 0, or F (g(θ a , α, β)) = exp(iαζ 2 )F (e), and it is identified with the set of complex numbers. It follows that the Hilbert space L 2 (P, H, U ) is one-dimensional and is formed by the complex functions F ∈ L(P, H, U ) for which F 2 < ∞, where F 2 = (F, F ) and theP-invariant scalar product is given by (F 1 , F 2 ) = F 1 (e)F 2 (e). Consequently (see Sect. 4), we can realize the induced representation Ind(P, H, U ) in the Hilbert space
The corresponding representation of any X ∈ī 1 2 can be readily calculated using the
, yielding ρ(I) = 0, ρ(J) = iζ 2 and ρ(P a ) = 0. The representation ofī 1 2 in the Hilbert space C is clearly antihermitian, such that the unitary irreducible representations ofP may be simply written as T ζ 2 (g(θ a , α, β)) = exp (θ a ρ(P a )) exp (αρ(J)) exp (βρ(I)) and the operator identity ρ(P a )ρ(P a ) − 2Bρ(J)ρ(I) = −ζ A ζ A holds.
In the third case, ζ 3 = 0 with ζ 0 = 0 or ζ 1 = 0 and the coadjoint orbit inī 1 * 2 is the two-dimensional surface given by (12) and classified by ζ a . Since we may choose any point on the coadjoint orbit (see Sect. 4), we pick ζ = (ζ a , ζ 2 , 0). The subalgebra h = wh is subordinate to ζ, since its first derived algebra is [h, h] = (I), which is orthogonal to ζ or ζ, (I) = 0. The subalgebra h subordinate to ζ is also admissible, since codimh = 1, which is half the dimension of the coadjoint orbit, and it satisfies Pukanszky's condition ζ + h ⊥ ⊂ Orb(ζ). To check the latter it suffices to note that h ⊥ is formed by the one-forms η = η 2ω 2 , where η 2 ∈ ℜ, and to use equation (9) . And since any other admissible subalgebra leads to an unitary equivalent representation (see Sect. 4), we choose h. Denoting by h(θ a , β) = exp(θ a P a )exp(βI) the typical element of the subgroup H generated by h we can (see Sect. 4) define the one-dimensional representation of H by χ(θ a , β) = U (h(θ a , β)) = exp(iθ a ζ a ). Since H = WH is unimodular, the space L(P, H, U ) invariant under right-translations onP is formed by the complex functions satisfying the condition (see Sect. 4)
This means the space L(P, H, U ) is determined by the value of F at θ a = β = 0. Using the group law (2), it is not difficult to see that every element ofP can be uniquely written as g = h · k, where h ∈ H, k ∈ K and K is the one-parameter subgroup ofP generated by
Choosing the Borel mapping such that s(x) := k, where x ∈ X = H\P and x = Hg = Hhk = Hk, we can identify the right-coset space X with the subgroup K ⊂P, in the sense that s(X) = K. The bi-invariant measure onP splits into dµ(g) = ∆ H,P (h)dν s (x)dν(h), where the measure on X is determined by the right Haar measure on K = ℜ, dν s (x) = dν(s(x)), which isP-invariant since ∆P (h) = ∆ H (h) and is recognized to be just the Lebesgue measure dµ on ℜ. Then we can construct the Hilbert space L 2 (X, ν s , C) = L 2 (ℜ, dµ), formed by the functions defined by f (x) = F (s(x)) for every F ∈ L 2 (P, H, U ) (see Sect. 4), which admits aP-invariant scalar product whose coordinate representation is given by (
We can solve the equation s(x)g = hs(xg) for h = h(θ ′a , β ′ ) using (2) and (21), getting the result θ ′a = Λ(α) a b θ ′′b and β ′ = β ′′ , where k = k(α) and g = g(θ ′′a , α ′′ , β ′′ ). Consequently, we can realize the induced representation Ind(P, H, U ) in the separable Hilbert space L 2 (ℜ, dµ) of the square-integrable complex functions having compact support on ℜ (i.e. functions for which
, we can calculate the corresponding representation of any X ∈ī 1 2 , yielding ρ(I) = 0, ρ(J) = ∂/∂α and ρ(P a ) = iΛ(α) b a ζ b . The operator identity ρ(P a )ρ(P a ) − 2Bρ(J)ρ(I) = −ζ A ζ A holds and the representation ofī 1 2 in the Hilbert space L 2 (ℜ, dµ) is clearly anti-hermitian, such that the unitary irreducible representations ofP may be simply written as
The Relativistic Particle in (1+1) Dimensions
It is known that the dynamics of a non-interacting relativistic particle in a flat (1+1) dimensional space-time M is described by the lagrangian L B = −m q 2 − B 2 ε abq a q b , such that the central charge B is analogous to an applied electrical force driving the particle into an uniformly accelerated relativistic motion [13] . However, it must be emphasized that the lagrangian L B is classically anomalous, since it is quasi-invariant under the transformations of the Poincaré group in (1+1) dimensions P, while the three conserved Noether currents together with the identity {N a , N 2 , 1} constitute a Poisson bracket realization of the extended Poincaré algebraī 1 2 , assuming B = 0 and m = 0. In fact, it was shown by Bargmann that H 2 0 (P, ℜ) = ℜ then, as a consequence of the Lévy-Leblond theorem [4] , all the inequivalent lagrangians L B quasi-invariant under P are classified by the central charge B, which also parametrizes the 2-form ω (2) (B) = dβ (1) (B) characterizing the central extension of P, whose potential 1-form β (1) (B) is a Wess-Zumino form 4 on M generating the second term in L B . This means L B is the most general lagrangian describing the relativistic particle and it is anomalous because the 2-cocycle ξ B ∈ H 2 0 (P, ℜ) of the central extension of P corresponds to the Wess-Zumino term making L B quasi-invariant under P, showing that the dynamical group relevant to the problem is actually the extended Poincaré groupP.
Since H 2 0 (P, ℜ) = 0 (see Sect. 2), we can eliminate the classical anomaly by adding a third term to L B , depending on an extra degree of freedom χ with dimension of actionL = L B −χ, which neutralizes the Wess-Zumino term causing the lagrangianL to be invariant under the transformations ofP. There are four conserved Noether currents {N a , N 2 , N 3 } associated with the anomaly free lagrangianL, which realize the extended Poincaré algebraī 1 2 with the identically conserved current N 3 = −1 corresponding to the central generator realized by minus the identity. Proceeding to the hamiltonian formulation of the dynamical system described byL, the dynamics is defined on the leaf Γ + , satisfying p 0 + π B 2 q 1 > 0, of the four-dimensional constraint surface φ m = 0 (m ∈ {1, 2}), embedded in a six-dimensional phase space, by the Hamilton equations derived variationally from the actionS[q a , χ, p b , π, u m ] = W dτ (p aq a + πχ − u m φ m ), where τ parametrizes the world-line W of the particle, π is the canonical momentum conjugate to χ and φ m are the two primary first-class constraints φ 1 = π + 1 and φ 2 = (p a − B 2 πε ab q b ) 2 − m 2 . Due to φ 1 , χ is a gauge degree of freedom and it is natural to fix the gauge by adopting the canonical gauge conditions C 2 = q 0 − τ and C 1 = χ − S(q a ), where S(q a ) is the action function determined by the anomalous lagrangian L B and satisfying the relativistic Hamilton-Jacobi equation
4 q a q a − m 2 = 0. If we solve C 1 together with φ 1 inside the actionS, dropping the dynamical variables χ = S(q a ) and π = −1 and discarding a total derivative, we recover the anomalous version of the model, with the constraints C 2 = q 0 − τ and φ 2 =p 2 − m 2 left unsolved.
Recalling that q 0 := t, it turns out that the relativistic energy of the particle E(t) := −p 0 (t) = m 2 +p 2 1 (t) is a function of the kinematical momentump a = p a + B 2 ε ab q b . Calculating the Dirac brackets of the anomalous version of the model, it is not difficult to see that we can substitute the hamiltonian √ m 2 +(p 1 +Bt/2) 2 in canonical form, which can be readily integrated yielding p 1 (t) = p 1 (t 0 ) + mω 0 (t − t 0 )/2 and
where ω 0 = B/m. The hamiltonian H is not even bounded from below and it depends explicitly on time through its first term E(t), causing the system not to be conservative. This fact is understood by noticing that its second term E pot (q 1 ) = − B 2 q 1 is the potential energy of the particle due to the applied force field generated by the central charge, so that H = E(p 1 , t) + E pot (q 1 ) is the total energy. The particle interpretation is ensured by the fact that E(t) is positive definite, although the system is not closed, since we did not specify any field equations for the central charge.
On the other hand, the constraint surface Γ + is globally diffeomorphic to the extended Poincaré group and the action of the dynamical groupP upon Γ + is simply transitive and free. It turns out that the generators of the gauge transformations corresponding to φ m span a subalgebra of X(Γ + ) which realizes a twodimensional abelian subalgebra ofī 1 2 , such that the reduced phase space Γ
(the foliation of Γ + by the gauge orbits) is diffeomorphic to the homogeneous coset space generated by the translations P a and can be globally parametrized by the space-time coordinates q a . The space Γ + R is endowed with the symplectic form Ω +R = dΛ +R = B 2 ε ab dq a ∧ dq b , whose canonical 1-form is given by the WessZumino form Λ +R = B 2 ε ab q a dq b . The symplectic manifold (Γ + R , Ω +R ) is homogeneous under the action of the dynamical groupP, since Γ + R ⊂ Γ + and Γ + is homogeneous. Moreover, since the reduced phase space is simply connected and H 2 0 (P, ℜ) = 0, the dynamical groupP has a Poisson action upon Γ + R (see Sect. 3) and the globally hamiltonian vector fields are given byT
2 q a q a and u +R 3 (s) = −1 exist also, although they are not uniquely determined since u As far as the quantization of the system is concerned, we remark that proceeding in the usual manner, by adopting the fixed gauge picture, where q 0 = τ is a canonical gauge condition and the total energy H(q 1 , p 1 , t) is the hamiltonian, as a function of the fundamental dynamical variables satisfying {q 1 , p 1 } * = 1, and then canonically quantizing, one is led to very complex integrals for which we have not found any analytic expressions. Since this quantization is not practical actually, we turn to consider the dynamics from the point of view of the reduced phase space Γ = −Bq 0 on Γ + R , the symplectic form becomes Ω +R = dp ∧ dq and the Wess-Zumino form is recognized to be the Liouville form Λ +R = pdq. Then it is clear that the lagrangian determined by Λ +R describes a trivial dynamics, just like that generated either by u +R a or u Since changing representatives does not affect the gauge-invariant properties of the system, the equations of motion on Γ + R should be equivalent to those of the fixed gauge picture described above, although the fundamental dynamical variables change from (q 1 , p 1 ) to (q a ) (or (q, p) ). Then, up to gauge-equivalence, the dynamics on Γ dt (τ ). We recall that now the equations for q a (τ ) are regarded as hamilton equations, while that forp(τ ) is an identity and further, retaining the space-time meaning of the reduced phase space, the worldline W of the particle is also a hamiltonian flow in the symplectic manifold Γ The hamiltonian operator splits into two partsĤ(q,p,
Solving the eigenvalue problemĤ 0 |E = E|E , we discover thatĤ 0 has continuous spectrum with the normalized eigenfunctions given by x|E =
, so thatĤ 0 (q,p) = −2Ê pot (q,p) has the meaning of a potential energy operator. Besides this fact, the total energy operatorĤ(q,p, τ ) = E(τ ) − 1 2Ĥ 0 (q,p) satisfies [Ĥ,Ĥ 0 ] = 0, so that the eigenvectors ofĤ 0 are simultaneously total en-ergy eigenstates. Then the eigenvalues of the total energy operator are related with those ofĤ 0 throughĤ(τ )|E = E T (τ )|E , where E T (τ ) = E(τ ) − E/2. In terms of the base kets {|E }, the state ket of the system is given at τ = τ 0
Then, for τ > τ 0 the state ket will be
. It follows that the c E (τ ) satisfy the linear homogeneous partial differential equations
Applying the method of separation of variables c E,λ (τ ) = K λ (E)T λ (τ ), firstly we have to solve the eigenvalue problem for a continuous spectrum operator,
. In this situation it is usual to adopt the normalization rule
we find as a solution
Taking the general solution c E (τ ) = +∞ −∞ c E,λ (τ )dλ of the linear homogeneous PDE at τ = τ 0 , we get the expression
As a result we can write
with the D λ determined above. It is not difficult to check that the boundary condition holds, since
Suppose that the system is initially prepared in an energy eigenstate |α = |E ,
, so that at a later time τ > τ 0 the state will be given by
The probability as a function of time for the particle to be found in the state |E ′ is given by
From (24), we note that the states |E are not stationary although they are total energy eigenstates, since the τ -dependent part of the hamiltonianV (p, τ ) causes transitions to eigenstates E + m 2 +p(τ ) 2 − m 2 +p(τ 0 ) 2 of different energy. In fact, the expectation value of the total energy operator, for instance,
It is not difficult to see that the function Ĥ (τ ) attains to a minimum at τ = τ 0 −p
B , when its value is Ĥ (τ 0 −p
, what only happens after τ 0 ifp(τ 0 ) satisfies the condition sign(B)p(τ 0 ) < 0, otherwise Ĥ (τ ) is a monotonically increasing function of τ > τ 0 .
Since |E is a potential energy eigenstate, we can always shiftĤ 0 by a constant such that the minimum energy eigenstate is set to |E + m − E(τ 0 ) = |0 . Then if sign(B)p(τ 0 ) < 0, we can think that the initial state |E(τ 0 ) − m , of total energy equal to (E(τ 0 ) + m)/2, decays to a fake ground state |0 , of total energy equal to m, before building its total energy up indefinitely. The precedent analysis shows that the presented quantum states are stable, although there is no true ground state, since at each instant of time the system is in a definite energy state and it will never decay to a state below |0 .
Discussion
We showed that the extended Poincaré group in (1+1) dimensionsP is a connected solvable exponential Lie group such that H 2 0 (P, ℜ) = 0 and H 1 0 (P, ℜ) = ℜ (see Sect. 2). On the one hand, these facts were important to apply the Kirillov theorem to the classification of all the classical relativistic elementary systems upon which the action ofī 1 2 is globally hamiltonian (see Sect. 3). Although this classification does not exhaust all relativistic elementary systems, since H 1 0 (P, ℜ) = ℜ, it is general enough to include the most physically interesting cases, such as the relativistic particle.
On the other hand, the aforementioned features ofP also allowed us to work out explicitly all the irreducible unitary representations ofP by the orbit method (see Sect. 5), without making use of holomorphic induction. Furthermore, the triviality of the second cohomology group ofP was exploited to eliminate the classical anomaly appearing in the relativistic particle action and to construct the lifting of the mapping σ : g → A 0 (S) to λ : g → C ∞ (S).
In fact, we showed that the electric-like force B accelerating the relativistic particle is generated by a Wess-Zumino term, corresponding to the central extension of the Poincaré group in (1+1) dimensions P, causing the system to be anomalous. The Wess-Zumino term was neutralized by introducing a third term in the action, depending on an auxiliary internal gauge degree of freedom χ, in terms of which the anomaly was eliminated (see Sect. 6 ). This analysis also makes possible to consider this dimension-specific interaction (see Sect. 1) from an algebraic point of view, independently from its geometrical interpretation in terms of the volume two-form of space-time [13] .
We subsequently eliminated the internal degree of freedom χ (which corresponds to the phase of the particle's wave function at the quantum level) by gauge fixing, what provided its physical interpretation as the action function associated with the anomalous version of the model. However, the fixed gauge picture failed to yield a hamiltonian system suitable for quantization, what led us to consider the dynamics from the point of view of the reduced phase space Γ + R . On the one side, the aforementioned lift λ allowed us to construct the comoments on Γ + R and to erect the momentum mapping, which established a symplectomorphism between the elementary system (Γ + R , Ω +R ) and the coadjoint orbit (Orb(ζ), b) through ζ = (0, 0, m 2 /(2B), −1), with µ + * R b = Ω +R , what also had the virtue of interpreting ζ A ζ A = m 2 and ζ 3 = −1 in natural units. We noted also that the comoments u +R A (s) are not uniquely determined, since H 1 0 (P, ℜ) = ℜ. On the other side, the lift λ was useful again when we defined the hamiltonian H(q, p, τ ) as the image under the anti-homomorphism λ • σ −1 of the globally hamiltonian vector field X H (τ ) generating the world-line of the particle, seen as a hamiltonian flow on Γ + R .
On that occasion, we also remarked that there is a hermitian representation ϕ of P canonically associated with the coadjoint orbit through ζ = (0, 0, −
, ζ 3 ), determined by the anti-hermitian one ρ that is obtained by the method of orbits, and which satisfies Dirac's quantum condition if and only if ζ 3 = − 1 h . Then we were able to canonically quantize the system by means of the mapping ϕ • λ −1 , which made the hat operation rigorous. At that point, we hope to have illustrated how the coadjoint orbit through ζ = (0, 0, m 2 /(2B), −1) acts like a link between the classical system (Γ + R , Ω +R ) on the one side, to which it is connected by the momentum mapping, and the quantum system determined by the mapping ϕ • λ −1 on the other side.
It is well-known the existence of an analogy between geometric quantization and the method of orbits [25] . To achieve a consistent quantization in geometric quantization, it is necessary to introduce a suitable polarization, in order to restrict the size of the prequantum Hilbert space [49] . It turns out that taking a polarization in the classical system amounts to choosing a representation in the underlying quantum theory. Moreover, the notion of polarization generalizes that of a subordinate subalgebra of maximum dimension, figuring in the method of orbits, and plays an essential role in the representation theory of solvable groups [3] .
Indeed, we saw that the subalgebra ofī 1 2 subordinate to ζ = (0, 0, m 2 /(2B), −1) is h = (J, P + , I), where P + = P 0 +P 1 (see Sect. 5), and that the separation of the canonical coordinates on Γ Similarly to what is done in geometric quantization, the starting point in the method of orbits is an integral coadjoint orbit, although the construction of a line bundle-with-connection is by-passed. Indeed, recall that in order to quantize the relativistic particle (see Sect. 6), we started by considering the dynamics on the reduced phase space, which is symplectomorphic to an integral coadjoint orbit, since for solvable exponential Lie groups every coadjoint orbit is integral.
On the other hand, as long as Γ + R is the reduction of the presymplectic constraint manifold, with kernel distribution formed by the generators of the gauge group, the potential 1-form of the degenerate closed 2-form Ω + , whose restriction to Γ + R is Ω +R , must satisfy the BWS (or Bohr-Wilson-Sommerfeld) condition, which is simply the quantization rule in the old quantum theory. However, straightforward calculations show that the BWS condition is trivially satisfied and does not yield the quantization of any observable quantity of the relativistic particle, what is consistent with the fact that the system is not conservative and the world-lines are open.
It is not difficult to see that the extended Poincaré groupP is related to the onedimensional oscillator group Os(1) by the Weyl unitary trick. The method of orbits gives all the irreducible representations of Os (1) by means of holomorphic induction [44] . The oscillator group is solvable but it is not exponential, so that this result also shows that Os(1) belongs to type I, as a consequence of the Kostant-Auslander theorem. Conversely, since the groupP is solvable exponential it automatically belongs to type I. Another striking difference is that the mechanical interpretation for the application of the method of orbits to Os(1) took the generator corresponding to J for hamiltonian, while in the case ofP the hamiltonian turned out to be a time dependent linear combination of P 0 and P 1 .
The groupP enjoys several properties in common with the groups WH, E(2) and Aff + (1, ℜ), which found applications in fields such as electronics, signal processing and quantum optics (see Sect. 1), e.g.; it is solvable, it is unimodular (Aff + (1, ℜ) is not) and it admits global canonical coordinates. Moreover, all these groups have square-integrable representations (at least over a coset space), i.e. representations belonging to the discrete series of the group. Nevertheless, not every group has such representations, which are associated with their generalized coherent states [35] [36] , generalized wavelet transforms and generalized Wigner functions [2] .
Indeed, in a subsequent publication it would be interesting to check wether the irreducible representations T ζ A ζ A ,ζ 3 (g) ofP (obtained in Sect. 5) are squareintegrable with respect to the coadjoint orbit through ζ = (0, 0, − ζ A ζ A 2Bζ 3 , ζ 3 ). This fact would allow a group-theoretic formulation of the quantum two-dimensional relativistic particle on phase space, thus providing a description of the reconstruction of its quantum states.
As we mentioned in the Introduction (see Sect. 1), the interpretation of the Balachandran interaction term in the context of two-dimensional dilatonic gravity is still an open problem. It turns out that the Balachandran formalism is based on the methods originally developed by KSK, so that the group-theoretic construction presented in this paper could also help to clear up this matter.
